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In extending Bernstein’s theorem on the absolute convergence of the Fourier 
series to Vilenkin groups, Quek and Yap (J. Muth. Anal. Appl. 41 (1980) 1-14) 
assume that the group G has the boundedness property (P). The main purpose of 
the present paper is to provide a proof to the result of Quek and Yap without the 
condition of the boundedness property (P) on G. 9‘ 1992 Academic Press, Inc 
1. INTRODUCTION 
In [ 11, Bernstein proved that if f(x) is a periodic function on the circle 
group T = [0,27c] and belongs to the Lipschitz class Lip(a), c1< I, then the 
Fourier series off is absolutely convergent. Various authors extended this 
theorem for more general Lipschitz classes on different groups. In par- 
ticular, Onneweer [2, Corollary 2) and Quek and Yap [3, Corollary 3.61 
proved that iff(x) belongs to Lip(or, p), 0 < x d 1, 1 < p < 2, on a Vilenkin 
(i.e., on a compact metrizable zero-dimensional Abelian) group G, then 
its Fourier coefficients f(n) belong to the sequence space la(G) for 
p > p/( p + crp - 1). In their proofs, these authors make the extra assump- 
tion that G has the boundedness property (P). In [4], Walker proved 
Bernstein’s original theorem for Lipschitz functions on Vilenkin groups 
without the property (P) and in [S] (see Theorem 3.29, p. 63) we proved 
its extension to functions in Lip(a, p) on G without property (P) as well. 
Our main purpose in the present paper is to give that proof in [S] 
here. This will answer a question raised by Quek and Yap in [3] (see 
Example 5.6 in particular) as to the assumption of the property (P) on G 
for the proofs of the previous theorems. 
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2. DEFINITIONS AND NOTATIONS 
This task will be reduced to a minimum, since nearly all of what is 
needed in this work is rather well known and can be easily found in the 
literature (see [2, 3,4], for example). 
Let G be a Vilenkin group. It is known that its dual G is a discrete 
countable torsion group. There exists in G a basic set of neighborhoods 
{G,} of the identity element {e} such that 
and 
G=G,IG,~G,I> ... xG,, 
fi G,= {e}. 
?I=0 
Let V, denote the annihilator in G of G, in G. Then one has 
{O}= voc v,c ..’ c v,, 
Let T,, be the coset V,JV,-, . Since G is a torsion group, T, can be 
choosen as a cyclic group with a prime order s, which is equal to its 
measure; this is because T,, is discrete and is, at most, countable. It can be 
shown that T,, is the annihilator of the quotient subgroup A,, = G,- i/G,, 
that the measure of A, is l/s,, and that V, has the number pn = sos, . . . s, 
for its measure. It might be convenient to mention here that since s, is a 
prime number greater than two, p,, > 2” for n E N. 
DEFINITION 2.1. Ifs, < co as n + co, we say that G has the boundedness 
property (P). 
DEFINITION 2.2. For brevity, let (n, X) denote the complex continuous 
character in G of x in G, and let f(x) belong to LP(G). Then its Fourier 
transform f(n) is defined by 
.h) = jG f(x) (WX) dx, 
where (n, x) is the complex conjugate of (n, x). 
DEFINITION 2.3. Let f(x) belong to LP(G). The pth integral modulus of 
continuity o(f; k, p) is defined by 
df, k P) = SUP IIf@ + h)-f(x)ll,. 
hsGa 
(1) 
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If w(f, k, p) = O(P), 0 CO! < 1, we say that f(x) belongs to the Lipschitz 
class Lip(cr, p, G). Taking into account the measures of Gk and vi;, we 
could write, equivalently, o(f, k, p) = 0( p;“). 
3. THE MAIN RESULT 
For a general Vilenkin group, we now prove the following: 
THEOREM 3.1. Letf(x) belong to Lip(cc, p, G), 0 < c( < 1, 1 <p < 2. Then 
f(n) belongs to 18(G) for 
Pl(P+v-l)<P64-PI(P- 1). 
Proof. The proof here is basically that in [5] (Theorem 3.29) with a 
few modifications. The Hausdorff-Young inequality yields in this case 
(2) 
Take h to be in Ak- ,\Ak. Then I hl = p; ‘. Since sk is prime, the elements 
II + A, generate the cyclic group A, _ ,/Ak. Define T, = V,\ V, _, . Then 
h E Tk implies that (n, h) # 1. To see this, suppose that n E Vk and (n, h) = 1. 
Then for all x in A k _ , we have x + Ak = jh + d k for some integer j and so 
x = jh + x’, where x’ is in A,. Therefore, 
(n, x) = (n, h)‘(n, x’) = 1. 
This shows that n E V,- I and the claim is proved. 
We note now that s,h belongs to Ak, thus (n, h)Sk = 1, which gives 
and 
(n, h) = exp( 2iZ7j/sk) 
I(n, h)- 11Y=2YIsin(17j/s,)IY, 
where 1 6 j < sk - 1 and j depends on n. Thus, we have the estimate 
C Ifly Isin(Z7j/.s,)lY =O(p, Iq). (3) 
Tk 
Since h was choosen in A,- i\A,, one can replace it by 
Zh, 3h, . . . . (sk - 1)h. Therefore j can be replaced by 2j, 3j, . . . . (sk - 1)j; i.e., 
for all t, ldt<s,--1, we have 
fi lfl9 sin(ntjlsk)19= O(p;“9). (4) 
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Tkm=(n,nETk, 1/2mf1gj/s,~1/2” or 
1 - l/2” < jJs, < 1 - l/2”+ ‘), 
where m = [log s,/log 21, i.e., 
112 m + ’ < l/Sk < 1/2m. 
Take t, = 2’-‘. Then on Tkl we have 
sinY(nt, j/S,) > Isin(7t/4)1” =(l/$)q. 
This leads to 
; Ifl” = O(Pkaq); 
thus 
; IPIQ= f 1 IfI4 
i= 1 Tk, 
= o(mp;aq) = O(log skpyq). (5) 
Let d(k) =CTklflfl. For /I< q, Holder’s inequality when applied to (5) 
yields 
mck,=[Zl.Plq]b’q [g yq 
Tk 
= O(log skp( p;- LJ - Orb +PIP), 
and 
= ,f(O)lP+f [(logsk)a’q/il,~‘~+aa-‘][p:-~-“~+~’pl. (6) 
But by the hypothesis we can see that b/q + up - 1 > 0, and this reduces the 
first bracket in (6) to O(l), and since pk - 1 > 2k-‘, the series on the right 
hand side of (6) is convergent and the proof of the theorem is complete. 
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Remark 3.2. It should be mentioned here that all the corollaries 
derived from the previous theorem in [2, 31 are valid on Vilenkin groups 
without the property (P). As an example, let f belong to Lip(a), tl > 0 on 
a Vilenkin group G. Then p belongs to lB(G) for /I > 2/(2a + 1). Note that 
any function f which belongs to Lip(a) is continuous and therefore is in 
L’(G). The result follows now from Theorem 3.1 by taking p = 2. It might 
be suitable to add that the proof of Theorem 3.1 could be carried through 
if the first difference off were replaced with the rth difference A;lf(x) in 
step h. 
Remark 3.3. It is quite obvious that in order to be able to remove the 
restriction of the property (P) on G, one must produce rather finer 
estimates for certain powers of IfI on some parts of the dual group G. 
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